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Abstract. This paper provides foundations for strong (that is, possibly
under abstraction) call-by-value evaluation for the λ-calculus. Recently,
Accattoli et al. proposed a form of call-by-value strong evaluation for
the λ-calculus, the external strategy, and proved it reasonable for time.
Here, we study the external strategy using a semantical tool, namely
Ehrhard’s call-by-value multi types, a variant of intersection types. We
show that the external strategy terminates exactly when a term is typable
with so-called shrinking multi types, mimicking similar results for strong
call-by-name. Additionally, the external strategy is normalizing in the
untyped setting, that is, it reaches the normal form whenever it exists.
We also consider the call-by-extended-value approach to strong evalua-
tion shown reasonable for time by Biernacka et al. The two approaches
turn out to not be equivalent: terms may be externally divergent but
terminating for call-by-extended-value.

Plotkin’s call-by-value λ-calculus λv [32] is at the heart of programming
languages such as OCaml and proof assistants such as Coq. In the study of
programming languages, call-by-value (shortened to CbV) evaluation is usually
weak, that is, it does not reduce under abstractions, and terms are assumed to
be closed, i.e., without free variables. These constraints give rise to an elegant
framework—we call it Closed CbV, following Accattoli and Guerrieri [4].

Plotkin did not present the CbV λ-calculus λv with these restrictions, and
properties such as confluence also hold without the restrictions. As soon as open
terms are allowed, however, or evaluation is strong (that is, it can reduce under
abstractions), the calculus behaves badly at the semantical level. There are at
least two issues, first pointed out by Paolini and Ronchi Della Rocca [31,30,33].

1. False normal forms: some terms are contextually equivalent to the looping
term Ω := (λx.xx)(λx.xx) and yet they are normal in Plotkin’s setting.

2. Failing of denotational soundness/adequacy beyond the closed case: deno-
tational models are usually both sound (that is, denotations are stable by
reduction: if t → u then JtK = JuK) and adequate (that is, the denotation JtK
is non-empty if and only if the evaluation of t terminates) only for Closed
CbV; at least one of the two properties fails in the open/strong case.
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Extensions of Plotkin’s Call-by-Value. A number of calculi extending Plotkin’s
λv have been proposed. A first line of work studies a related and yet different issue
of λv, namely the equational incompleteness with respect to continuation-passing
translations, pointed out by Plotkin himself in [32]. This issue was solved with
categorical tools by Moggi [29], which led to a number of studies, among others
[34,35,28,18,19,25], that introduced many proposals of improved calculi for CbV.

A second and more recent line of work, due to Accattoli, Guerrieri, and
coauthors, addresses the problem of open terms and strong evaluation directly
[11,16,1,4,24,5,6,2,7]. It builds on the work of Paolini and Ronchi Della Rocca
and on tools and techniques coming from the theory of Girard’s linear logic [21].

In [4], they compare four different extensions of Plotkin’s calculus in the
framework of weak evaluation with possibly open terms. Their result is that the
four calculi are all termination equivalent : t terminates in one of these extensions
if and only if terminates in the other ones. In particular, in these extensions the
issue of false normal forms is solved because all terms contextually equivalent to
Ω do diverge, in contrast to what happens in Plotkin’s calculus λv. The notion
of termination shared by the four calculi is then referred to as Open CbV in [4].

One of the aims of this paper is identifying an analogous notion of termi-
nation for strong CbV evaluation. Perhaps surprisingly, indeed, the termination
equivalent calculi of Open CbV do not agree on what such a notion should be.

Two Relevant Extensions. Two Open CbV calculi are relevant here. The first one
is a call-by-extended-values λ-calculus where the restriction on β-redexes by value
is weakened to β-redexes having as argument an extended, more general notion
of value. First used as a nameless technical tool by Paolini and Ronchi Della
Rocca [31,33], then rediscovered by Accattoli and Sacerdoti Coen [12] to study
cost models, it has some similarities with a calculus introduced by Grégoire and
Leroy [22] to study a CbV abstract machine for Coq. In [12], extended values
are called fireballs (a pun on fire-able) and the calculus is called fireball calculus.

The second extension is the value substitution calculus (shortened to VSC)
due to Accattoli and Paolini and related to linear logic proof nets [11,1]. It was
introduced to overcome some of the semantical problems of Plotkin’s setting,
and it is a flexible tool, used in particular to relate the four extensions in [4].

Beyond False Normal Forms. In later works [5,7], Accattoli and Guerrieri show
that the termination equivalence of Open CbV does not necessarily solve the
other semantical issue of Open CbV, namely the failing of denotational sound-
ness/adequacy beyond the closed case. On the one hand, they show that the
fireball calculus is adequate but not sound with respect to Ehrhard’s CbV rela-
tional model [20], a paradigmatic model arising from the theory of linear logic
and handily presented as a multi types system (a variant of intersection types).
On the other hand, they show that the open VSC is both adequate and sound
with respect to that model, suggesting that it is a better setting for Open CbV.

Strong Call-by-Value. The strong case has received less attention. In particular,
it is not even clear what is the right notion of termination. The recent literature
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contains two proposals of strong CbV evaluation, which have been carefully
studied from the point of views of abstract machines and reasonable cost models,
but not from a semantical point of view. The first one is the strong fireball
calculus, for which abstract machines have been recently designed in 2020 [13]
and 2021 [14] by Biernacka et al., the latter being reasonable for time (defined
as the number of β-steps). The second proposal is the strong VSC, and more
precisely the external strategy of the strong VSC, introduced in 2021 by Accattoli
et al. [2], together with a reasonable machine implementing it.

The works [14] and [2] have been developed independently and at the same
time, by two distinct groups, who cite each other. They state that both imple-
ment Strong CbV, but they fail to notice that they implement different notions of
termination, raising the question of what exactly should be considered as Strong
CbV. As we point out here, indeed, some terms are normalizing in the strong
fireball calculus but have no normal form with respect to the external strategy.

Strong Call-by-Value and Multi Types. To clarify the situation, we here explore
the semantic perspective provided by CbV multi types. For such types, typability
coincides with termination of open CbV evaluation, as shown by Accattoli and
Guerrieri [23,5,7], so they do not directly model strong evaluation. A similar mis-
match happens in call-by-name (CbN for short), where terms typable with multi
types coincide with the head (rather than strong) terminating ones. It is well
known, however, that the restriction to shrinking types (that have no negative
occurrences of the empty multiset) does model strong evaluation: in CbN, terms
typable with shrinking types coincide with the leftmost(-outermost) terminating
ones, and the leftmost strategy is a normalizing strategy of Strong CbN. Such a
use of shrinkingness is standard in the theory of intersection and multi types, see
Krivine [27], de Carvalho [17], Kesner and Ventura [26], Bucciarelli et al. [15].

Here, we adapt to CbV the shrinking technique as presented by Accattoli et
al. for CbN multi types in [3], where the shrinking terminology is also introduced.
Our main result is the characterization of external termination via shrinking
types: a term t is typable with shrinking CbV multi types if and only if the
external strategy terminates on t. Technically, the result is a smooth adaptation
of the technique in [3]. Smoothness is here a plus, as it shows that the external
strategy is the notion of Strong CbV termination naturally validated by CbV
multi types, without ad-hoc stretchings of the technique.

Untyped Normalization Theorem. In an untyped setting, not every term nor-
malizes (think of Ω) and in the strong case some terms have both reductions
that normalize and reductions that diverge, for instance (λx.y)(λz.Ω). Thus, it
is important to have a strategy that reaches a normal form whenever possible,
i.e., that is normalizing in an untyped setting. The canonical evaluation strategy
in Strong CbN is leftmost reduction and its key property is precisely that it is
normalizing. A further contribution of the paper is an untyped normalization
theorem for the external strategy in the Strong VSC, obtained as an easy corol-
lary of the study via multi types. Such a result gives to the external strategy the
same solid status of the leftmost strategy in CbN, and completes the picture.
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No Tight Bounds. Multi types can be used to extract tight bounds on the length
of evaluations and the size of normal forms. Here, we only study termination, not
tight bounds, even if in the technical report [8] we also developed the enriched
results with tight bounds. A first reason is that the characterization of external
termination and the untyped normalization theorem we focus on here do not need
the bounds. A second reason is that the enriched results are considerably more
technical, while here we aim at a slightly weaker but more accessible treatment.

Paper. This work has been recently published [9]. Proofs are in [10], the long
version of the paper.
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