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Lambda-Calculi

The Lambda-Calculus
t, u ::= x | λx.t | tu

(λx.t)u⇝β t{x\u}

Plotkin’s CBN

(λx.t)u⇝ t{x\u}
t ⇝ t′

tu⇝ t′u

Plotkin’s CBV

v ::= x | λx.t

(λx.t) v ⇝ t{x\ v }

t ⇝ t′

tu⇝ t′u

t ⇝ t′

v t ⇝ v t′
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Core CBV Lambda-Calculus

v ::= x | λx.t
t ::= v | vt

| · · ·
...

(λx.t)v ⇝ t{x\v}
t ⇝ t′

vt ⇝ vt′

tu := (λx.xu)t
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Global State
(Operational Semantics)

Mapping from Locations to Values

ℓ1 7→ v1 · · · ℓi 7→ vi · · · ℓn 7→ vn

State and Configurations

s ::= ϵ | updℓ(v, s)
c ::= (t, s)

((λx.t)v, s)⇝ (t{x\v}, s)

(t, s)⇝ (t′, s)

(vt, s)⇝ (vt′, s)
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Global State
(Operational Semantics)

Interacting with the State

t ::= v | vt

| getℓ(λx.t) | setℓ(v, t)

Get Value from Location

(getℓ(λx.t), s)⇝ (t{x\lkpℓ(s)}, s)

Set Value to Location

(setℓ(v, t), s)⇝ (t, updℓ(v, s))
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Global State
(Monadic Operational Semantics)

Algebraic Theory for Global State Monad

1. ... · · · 4. setℓ(v, getℓ(λx.t)) = setℓ(v, t{x\v}) · · · 7. ...

Algebraic Theory for Array Monad

1.
2.
3.
4.

lkpℓ(updℓ(v, s)) = v
updℓ(lkpℓ(s), s) = s

updℓ(v
′, updℓ(v, s)) = updℓ(v

′, s)
updℓ′(v

′, updℓ(v, s)) = updℓ(v, updℓ′(v
′, s)) ℓ ̸= ℓ′
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Intersection Types

σ ::= τ | σ ∧ σ

τ ::= ω | σ → τ

(σ1 ∧ σ2) ∧ σ3 = σ1 ∧ (σ2 ∧ σ3)

σ1 ∧ σ2 = σ2 ∧ σ1

σ ∧ σ = σ

 σ ::= {τi}i∈I where I is a finite set
τ ::= { } | σ → τ

Typability ⇔ Termination

x : {{τ} → σ, τ} ⊢ xx : τ
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Non-Idempotent Intersection Types

σ ∧ σ ̸= σ

(σ1 ∧ σ2) ∧ σ3 = σ1 ∧ (σ2 ∧ σ3)

σ1 ∧ σ2 = σ2 ∧ σ1

}
m ::= [τi]i∈I where I is a finite set
τ ::= [ ] | m→ τ

Typability ⇔ Termination

x : [[τ ] → [τ ] → τ , τ , τ ] ⊢ xxx : τ

Resource Aware ⇒ Combinatorial Arguments
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Type System for Core CBV Lambda-Calculus

m ::= [τi]i∈I where I is a finite set
τ ::= m→ m

ax
x : [τ ] ⊢ x : τ

Γ ⊢ v : m→ m′ ∆ ⊢ t : m
app

Γ ⊔∆ ⊢ vt : m′

Γ; x : m ⊢ t : m′
abs

Γ ⊢ λx.t : m→ m′

(Γi ⊢ v : τi)i∈I
many

⊔i∈IΓi ⊢ v : [τi]i∈I

Typability ⇔ Termination
Φ ▷ ∅ ⊢ t : [ ] iff t is terminating (in exactly |Φ| steps)
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for Global State

Monadic Intersection Types

ϵ & updℓ(v, s)
(v, s)
λx.t

getℓ(λx.t) & setℓ(v, t)

σ ::= ϵ | updℓ(m,σ)
π ::= m× σ

τ ::= m→ µ

µ ::= σ ⇒ π
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Γ; x : m ⊢ t : σ ⇒ π
get
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set
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∅ ⊢ ϵ : ϵ

Γ ⊢ v : m ∆ ⊢ s : σ
upd-state

Γ ⊔∆ ⊢ updℓ(v, s) : updℓ(m,σ)

Γ ⊢ t : σ ⇒ π ∆ ⊢ s : σ
conf

Γ ⊔∆ ⊢ (t, s) : π
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Problem: No Subject Expansion

(setℓ(v′, t), updℓ(v, ϵ))⇝ (t, updℓ(v
′, ϵ))

Φt ▷ ∅ ⊢ t : updℓ(m′, ϵ) ⇒ π

Φv′ ▷ ∅ ⊢ v′ : m′ e-state
∅ ⊢ ϵ : ϵ

upd-state
∅ ⊢ updℓ(v

′, ϵ) : updℓ(m
′, ϵ)

conf
∅ ⊢ (t, updℓ(v

′, ϵ)) : π

Φv′ Φt
set

∅ ⊢ setℓ(v′, t) : ϵ ⇒ π

many
∅ ⊢ v : [ ]

e-state
∅ ⊢ ϵ : ϵ

upd-state

∅ ⊢ updℓ(v, ϵ) : updℓ([ ], ϵ)
conf

∅ ⊢ (setℓ(v′, t), updℓ(v, ϵ)) : ?
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Reason: Loss of Information

Array with Log Monad

1.
2.
3.
4.

lkpℓ(updℓ(v, s)) = v
updℓ(lkpℓ(s), s) = s

updℓ(v
′, updℓ(v, s)) = updℓ(v

′, s)
updℓ′(v

′, updℓ(v, s)) = updℓ(v, updℓ′(v
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Dropping Equations 2 & 3 = Adding a Log
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Problem Solved: Subject Expansion Holds

(setℓ(v′, t), updℓ(v, ϵ))⇝ (t, updℓ(v
′, updℓ(v, ϵ)))

Φt ▷ ∅ ⊢ t : updℓ(m′, updℓ(m, ϵ)) ⇒ π

Φv′

Φv ▷ ∅ ⊢ v : m
e-state

∅ ⊢ ϵ : ϵ
upd-state

∅ ⊢ updℓ(v, ϵ) : updℓ(m, ϵ)
upd-state

∅ ⊢ updℓ(v
′, ϵ) : updℓ(m

′, updℓ(m, ϵ))
conf

∅ ⊢ (t, updℓ(v
′, ϵ)) : π

Φv′ Φt
set

∅ ⊢ setℓ(v′, t) : updℓ(m, ϵ) ⇒ π

Φv
e-state

∅ ⊢ ϵ : ϵ
upd-state

∅ ⊢ updℓ(v, ϵ) : updℓ(m, ϵ)
conf

∅ ⊢ (setℓ(v′, t), updℓ(v, ϵ)) : π



Problem Solved: Subject Expansion Holds

(setℓ(v′, t), updℓ(v, ϵ))⇝ (t, updℓ(v
′, updℓ(v, ϵ)))

Φt ▷ ∅ ⊢ t : updℓ(m′, updℓ(m, ϵ)) ⇒ π

Φv′

Φv ▷ ∅ ⊢ v : m
e-state

∅ ⊢ ϵ : ϵ
upd-state

∅ ⊢ updℓ(v, ϵ) : updℓ(m, ϵ)
upd-state

∅ ⊢ updℓ(v
′, ϵ) : updℓ(m

′, updℓ(m, ϵ))
conf

∅ ⊢ (t, updℓ(v
′, ϵ)) : π

Φv′ Φt
set

∅ ⊢ setℓ(v′, t) : updℓ(m, ϵ) ⇒ π

Φv
e-state

∅ ⊢ ϵ : ϵ
upd-state

∅ ⊢ updℓ(v, ϵ) : updℓ(m, ϵ)
conf

∅ ⊢ (setℓ(v′, t), updℓ(v, ϵ)) : π



Main Result

Typability ⇔ Termination

Φ ▷ ∅ ⊢ (t, s) : [ ]× σ

†

iff (t, s) is terminating

∗

(in exactly |Φ| step)

† all locations are mapped to the empty multiset type
∗ without getting stuck
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Main Result

Typability ⇔ Termination

Φ ▷ ∅ ⊢ (t, s) : [ ]× σ† iff (t, s) is terminating∗ (in exactly |Φ| step)

† all locations are mapped to the empty multiset type
∗ without getting stuck



The End
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